In this paper, we establish an equivalent statement of minimax inequality
Introduction
Throughout the sequel, Ω ⊂ R N (N ≥ 2) is nonempty bounded open set with smooth boundary ∂Ω and p > N. Given two G ateaux differentiable functionals Φ and Ψ on a real Banach space X, the minimax inequality plays a fundamental role for establishing the existence of at least three critical points for the functional Φ(u) + λΨ (u) . In this paper, some conditions that imply minimax inequality (1.1) are pointed out and equivalent formulations are proved. Moreover, the main result of this paper is to obtain an equivalent statement of minimax inequality (1.1) for a special class of functionals. Finally, we consider a Dirichlet problem of the form 
In recent years, many authors have studied multiple solutions from several points of view and with different approaches (see, for example, [1] [2] [3] [4] ); for instance, in [1] , using variational methods, the authors ensure the existence of a sequence of arbitrarily small positive solutions for problem
when the function f has a suitable oscillating behaviour at zero. In [3] , the authors ensure the existence of three solutions for the problem (1.3) when f : Ω × R → R is a Caratheodory function. Also, in [2] authors studied problem
by using a multiple fixed-point theorem to obtain three symmetric positive solutions under growth conditions on f .
In the present paper, we establish existence of three solutions for the problem (1.2), under certain conditions such that approach is based on a three points theorem (proved in [5] ) and variational methods.
Main results
In the sequel, X will denote the Sobolev space W 1,p 0 (Ω) with the norm
for each (x,y)∈ Ω × R and
for each u ∈ X. We define
we have ||u|| I and ||u|| are equivalent such that for positive suitable constants c 1 and c 2 :
We now introduce two special functionals on the Sobolev space X as follows
for every u ∈ X. Let r, ρ ∈ R, w ∈ X be such that 0 < r < Φ(w) and 0 < ρ < Ψ(w), we put
and
Clearly, A 1 (r, w), A 2 (ρ, w) and A 3 (r, w) are positive. Without loss of generality, in this work, we assume Lebesgue measure μ(Ω) = 1. So, from (2.1) and
Now, we put
for every x ∈ Ω and for every u ∈ X, we have
for every u ∈ X; therefore
Hence α 1 ≥ α 2 , namely α r ≥ 0. Now, the main result:
Theorem 2.1. Assume that there exist r ∈ R, w ∈ X such that
Then, there exists ρ ∈ R such that
Proof: From (ii), we obtain
In fact, arguing by contradiction, we assume that there is l 1 ∈ R + such that
and this is a contradiction. So
Therefore,
Using of (2.3), one has
and with −Ψ = T , we have
sup{T (u); Φ(u) ≤ r} < r T (w) Φ(w) .
Now, we claim for each ρ satisfying
From sup{T (u); Φ(u) ≤ r} < ρ, we obtain r ≤ inf{Φ(u); T (u) ≥ ρ} and ρ > 0.
Moreover, from ρ < r T (w) Φ(w)
and ρ > 0, one has ρ < T (w) and ρ
So, by choose Φ(0) = T (0) = 0 and thanks of 0 < ρ < T (w), we obtain
So, one has
In other hand, for {u ∈ X; T (u) ≥ ρ} we have
and since −Ψ = T , we have If instead of condition (ii) in Theorem 2.1, we put
Theorem 2.4. Assume that there exist r ∈ R, w ∈ X such that
Now, by using the Theorem 2.4, if we give ρ = A 1 (r, w), then we have r = A 2 (ρ, w) and A 3 (r, w) = p ρ p . S0, we have the following result: Proposition 2.5. The following assertions are equivalent: (a) there are r ∈ R, w ∈ X such that (i) 0 < r < Φ(w),
Finally, we interested in ensuring the existence of at least three weak solutions for the problem (1.2).
We wanted to see the role of Theorem 2.1 which imply minimax inequality, in the part and provide the condition of following Theorem (Theorem 1 0f [5] , with choosing h(λ) = ρλ): Theorem 2.6 : Let X be a separable and reflexive real Banach space; Φ : X −→ R a continuously G ateaux differentiable and sequentially weakly lower semicontinuous functional whose G ateaux derivative admits a continuous inverse on X * ; Ψ : X −→ R a continuously G ateaux differentiable functional whose G ateaux derivative is compact. has at least three solutions in X whose norms are less than q. Now, we have the following result:
Theorem 2.7. Assume that there exist r ∈ R, m ∈ C(Ω), w ∈ X and positive constant s with s < p such that It is well known that the critical points of J are the weak solutions of (1.2), our goal is to prove that Φ and Ψ satisfy the assumptions of Theorem A. Clearly, Φ is a continuously G ateaux differentiable and sequentially weakly lower semi continuous functional whose G ateaux derivative admits a continuous inverse on X * and Ψ is a continuously G ateaux differentiable functional whose G ateaux derivative is compact. Thanks to (iii), for each λ > 0 one has that lim ||u||→+∞ (Φ(u) + λΨ(u)) = +∞
